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We study the frequency-dependent magnetoconductivity of a strongly correlated nondegenerate 2D
electron system in a quantizing magnetic field. We first restore the single-electron conductivity from
calculated 14 spectral moments. It has a maximum for ω ∼ γ (h¯γ is the disorder-induced width
of the Landau level), and scales as a power of ω for ω → 0, with a universal exponent. Even for
strong coupling to scatterers, the electron-electron interaction modifies the conductivity for low and
high frequencies, and gives rise to a nonzero static conductivity. We analyze the full many-electron
conductivity, and discuss the experiment.
PACS numbers: 73.23.-b, 73.50.-h, 73.40.Hm
One of the most interesting problems in physics of low-
dimensional systems is the effect of the electron-electron
interaction (EEI) on electron transport. In many cases
the EEI is the major factor, fractional quantum Hall
effect (QHE) being an example. At the same time,
single-electron picture is often also used for interpreting
transport, as in the integer QHE. Another closely re-
lated example is magnetotransport of a low-density two-
dimensional electron system (2DES) on helium surface
[1]. For strong quantizing magnetic fields, experimental
data on electron transport in this system are reasonably
well described [2–4] by the single-electron theory based
on the self-consistent Born approximation (SCBA) [5].
This theory does not take into account the interference
effects that lead to electron localization in the random
potential of scatterers. Such a description appears to
contradict the phenomenology of the integer QHE, where
all but a finite number of single-particle states in the
random potential are localized [6,7]. The static single-
electron magnetoconductivity σxx(0) must vanish, as il-
lustrated in Fig. 1, since the statistical weight of the ex-
tended states is equal to zero.
In this paper we discuss the case where the EEI is
strong and the electrons are correlated, as for 2DES on
helium and in fractional QHE. Yet the characteristic force
on an electron from the short-range random potential
may exceed the force from other electrons. The interrela-
tion between the forces determines the effective strength
of the coupling to scatterers. The analysis allows us to
understand the strong coupling limit and the crossover
to weak coupling, and to resolve the apparent contradic-
tion between localization of single-electron states and the
experimental data for electrons on helium.
We show that, for strong coupling to scatterers, the
low-frequency magnetoconductivity σxx(ω) of a nonde-
generate 2DES becomes nonmonotonic: it has a maxi-
mum at a finite frequency ωmax ≈ 0.3γ, where h¯γ is the
SCBA level broadening [Fig. 1]. For small but not too
small ω/γ, the conductivity scales as ωµ with a univer-
sal exponent µ ≈ 0.215. Whereas the onset of the peak
is a single-electron effect, the nonzero value of the static
conductivity and the form of σxx(ω) for big ω/γ are de-
termined entirely by the EEI. We obtain an estimate for
σxx(0) and analyze the overall shape of σxx(ω) in the pa-
rameter range where exp(h¯ωc/kBT )≫ 1 and kBT ≫ h¯γ
(ωc is the cyclotron frequency), the conditions usually
met in strong-field experiments on electrons on helium.
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FIG. 1. Reduced microwave conductivity (1) of a non-inter-
acting 2DES in a short-range disorder potential for kBT ≫ h¯γ
(solid line). The electron-electron interaction results in flat-
tening of the conductivity for ω <
∼
ωl (13), and in a much
slower decay of σ˜ for moderately big ω ≫ γ, as shown by
dashed lines. Inset: convergence of the interpolation factor G
(10) with the increasing number of moments 2k.
The single-electron conductivity at low frequen-
cies is determined by the correlation function of the ve-
locity of the guiding center R of the electron cyclotron
orbit in the potential of scatterers. For ω ≪ kBT/h¯
and exp(h¯ωc/kBT ) ≫ 1, it can be written as σxx(ω) =
(ne2l2γ/8kBT )σ˜(ω), where n is the electron density, l =
(h¯/mωc)
1/2 is the magnetic length, and σ˜ is the reduced
conductivity,
σ˜(ω) = − 2h¯γ
mωc
∫
∞
−∞
dt eiωt
∑
q,q′
(qq′)
×〈V˜qV˜q′ exp [iqR(t)] exp [iq′R(0)]〉. (1)
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Here, 〈 · 〉 stands for thermal averaging followed by the
averaging over realizations of the random potential of
defects V (r), and V˜q = (Vq/h¯γ) exp(−l2q2/4) are pro-
portional to the Fourier components Vq of V (r). We will
assume that V (r) is Gaussian and delta-correlated,
〈V (r)V (r′)〉 = v2δ(r− r′), (2)
in which case h¯γ = (2/π)1/2v/l [5].
Time evolution of the guiding center R ≡ (X,Y ) in
Eq. (1) is determined by the dynamics of a 1D quantum
particle with the generalized momentum and coordinate
X and Y , and with the Hamiltonian
H = h¯γ
∑
q
V˜q exp(iqR), [X,Y ] = −il2. (3)
Because of the Landau level degeneracy in the absence
of random potential, the problem of dissipative conduc-
tivity is to some extent similar to the problem of the
absorption spectra of Jahn-Teller centers in solids [8],
which are often analyzed using the method of spectral
moments. This method can be applied to the conduc-
tivity (1) as well [9]. It allows, at least in principle, to
restore σxx(ω). In addition, the moments
Mk =
1
2πγ
∫
∞
−∞
dω (ω/γ)kσ˜(ω) (4)
can be directly found from measured σxx(ω), and there-
fore are of interest by themselves.
For ω, γ ≪ kBT/h¯, the states within the broadened
lowest Landau level are equally populated and the re-
duced conductivity is symmetric, σ˜(ω) = σ˜(−ω). Then
odd moments vanish, M2k+1 = 0. For even moments, we
obtain from Eqs. (1), (4)
M2k = −2l2
∑
(q1 q2k+2)
〈
V˜q1 . . . V˜q2k+2
〉
(5)
× [[. . . [eiq1R, eiq2R] , . . .] , eiq2k+1R] eiq2k+2R,
where the sum is taken over all q1, . . . ,q2k+2. The com-
mutators (5) can be evaluated recursively using
[
eiqR, eiq
′R
]
= 2i sin
(1
2
l2q ∧ q′
)
ei(q+q
′)R. (6)
From Eq. (2), 〈V˜qV˜q′〉 = (πl2/2S) exp(−l2q2/2)δq+q′,
where S is the area. The evaluation of the 2k th moment
comes then to choosing pairs (qi,−qi) and integrating
over k+1 independent qi. From Eq. (6), the integrand is
a (weighted with q1q2k+2) exponential of the quadratic
form (l2/2)
∑
qiAˆijqj , where i, j = 1, . . . , k + 1. The
matrix elements Aˆij are themselves 2×2 matrices, Aˆij =
−Iˆδij + aij σˆy , where σˆy is the Pauli matrix, and aij =
−aji = 0, ±1. Because of the structure of the matrices
Aˆ, the moments M2k are given by rational numbers. For
k = 0, 1, . . . , 7 we obtain [10]
M2k = 1;
3
8
;
443
1152
;
25003
38400
;
13608949709
8941363200
;
4.47809; 15.7244; 63.7499 (7)
(we give approximate values of M2k for k ≥ 5).
To restore the conductivity σ˜(ω) from the calculated
finite number of moments, we need its asymptotic form
for ω ≫ γ. It can be found from the method of optimal
fluctuation [11], by calculating the thermal average in
Eq. (1) on the exact eigenstates |n〉 of the lowest Landau
band of the disordered system. All states |n〉 are equally
populated for kBT ≫ h¯γ. Their energies En are sym-
metrically distributed around the band center (E = 0),
with the density of states ρ(E) ∝ exp(−4E2/h¯2γ2) [12].
For large ω/γ, the conductivity is formed by transitions
between states |n〉, |m〉 with large and opposite in sign
energies En,m (|En − Em| = h¯ω). The major contribu-
tion comes from En = −Em. Only those configurations
of V (r) are significant, where the states |n〉, |m〉 are spa-
tially close. However, the overlap matrix elements affect
only the prefactor in σ˜ [10], and to logarithmic accuracy,
σ˜(ω) ∝ [ρ(h¯ω/2)]2 ∝ exp(−2ω2/γ2). (8)
Since the tail of the conductivity is Gaussian, one is
tempted to restore σ˜(ω) from the moments Mn using
a standard expansion in Hermite polynomials, σ˜(γx) =∑
n cnHn(
√
2x) exp(−2x2). From (4), the coefficients cn
are recursively related to the moments Mk with k ≤ n.
However, for the moments values (7), such an expansion
does not show convergence. This indicates possible non-
analyticity of the conductivity at ω = 0.
For ω → 0, the conductivity can be found from scaling
arguments [13,14] by noticing that it is formed by states
within a narrow energy band |E| ≪ h¯γ. The spatial ex-
tent of low-energy states is of the order of the localization
length ξ ∼ l |ε|−ν , where ε = E/h¯γ and ν = 2.33± 0.03
is the localization exponent [7]. The frequency ω, on the
other hand, sets a “transport” length Lω ∼ l (γ/ω)1/2.
It is the distance over which an electron would diffuse in
the random field V (r) over time 1/ω, with a characteristic
diffusion coefficient D = l2γ, if there were no interference
effects. For large ξ, Lω ≫ l, the scaling parameter can be
chosen as g = (Lω/ξ)
1/ν ∼ |ε| (ω/γ)−1/2ν [14,15]. The
conductivity σ˜(ω) is determined by the states within the
energy band where g <∼ 1. For high T , all these states
contribute nearly equally, and
σ˜(ω) ∝ ωµ (ω → 0), µ = (2ν)−1 ≈ 0.215. (9)
With Eqs. (8), (9), the conductivity can be written as
σ˜(ω) = xµG(x) exp(−2x2), x = |ω|/γ. (10)
The function G(x) (x ≥ 0) can be expanded in Laguerre
polynomials L
(µ−1)/2
n (2x2), which are orthogonal for the
weighting factor in Eq. (10). We have restored the cor-
responding expansion coefficients from the moments (7).
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The resulting conductivity is shown in Fig. 1 with solid
line. The expansion for σ˜ converges rapidly for µ between
0.19 and 0.28 (as illustrated in Fig. 1 for µ = 0.215),
whereas outside this region the convergence deteriorates.
The electron-electron interaction (EEI) can
strongly affect the magnetoconductivity even for low
electron densities, where the 2DES is nondegenerate.
Of particular interest for both theory and experiment
are many-electron effects for densities and temperatures
where Γ ≡ e2(πn)1/2/kBT ≫ 1. The 2DES is then
strongly correlated and forms a nondegenerate electron
liquid or, for Γ > 130 [16], a Wigner crystal. The mo-
tion of an electron is mostly thermal vibrations about
the (quasi)equilibrium position inside the “cell” formed
by other electrons. For strong B, the characteristic vi-
bration frequency is Ωp = 2πe
2n3/2/mωc, Ωp ≪ ωc (for
a Wigner crystal, Ωp is the zone-boundary frequency
of the lower phonon branch [1]). We will assume that
kBT ≫ h¯Ωp. Then the vibrations are quasiclassical, with
amplitude δfl ∼ (kBT/e2n3/2)1/2 ≫ l.
The restoring force on an electron is determined by the
electric field Efl from other electrons. The distribution
of this field is Gaussian, except for far tails, and 〈E2fl〉 =
F (Γ)n3/2kBT , with F (Γ) varying only slightly, from 8.9
to 10.5, in the whole range Γ >∼ 20 [17]. Since δfl ≫ l, the
field Efl is uniform over the electron wavelength l. The
electron motion can be thought of as a semiclassical drift
of an electron wave packet in the crossed fields Efl and
B, with velocity cEfl/B.
In the presence of defects, moving electrons will collide
with them. If the density of defects is small and their
potential V (r) is short-range [cf. Eq. (2)], the duration
of a collision is
te = l(B/c) 〈E−1fl 〉 ∼ (h¯/el)n−3/4(kBT )−1/2, (11)
and the scattering cross-section is ∝ γ2. For γte ≪ 1,
electron-defect collisions occur independently and suc-
cessively in time. This corresponds to weak coupling to
the defects, and allows one to use a single-electron type
transport theory, with the collision rate τ−1 calculated
for the electron velocity cEfl/B determined by the EEI,
τ−1 ∼ γ2te [18]. The many-electron weak-coupling re-
sults have been fully confirmed by experiments [4,19].
For γte ≫ 1, collisions with defects “overlap” in time,
which corresponds to the strong coupling limit. In this
case, from Eqs. (2), (11), the characteristic force on an
electron from the random field of defects Frf = h¯γ/l ≫
eEfl. One might expect therefore that the EEI does not
affect the conductivity, and the single-electron theory dis-
cussed above would apply. It turns out, however, that
this is not the case for the low- and high-frequency con-
ductivity.
As a result of the EEI, the energy of an electron in the
potential of defects V (r) is no longer conserved. The mo-
tion of each electron gives rise to modulation of energies
of all other electrons. The overall change of the Coulomb
energy of the electron system over a small time interval is
given by
∑
n e (En δrn), where δrn is the displacement of
the nth electron due to the potential of defects, and En is
the electric field on the nth electron from other electrons.
Clearly, En and δrn are statistically independent. This
allows us to relate the coefficient of energy diffusion of
an electron Dǫ to the characteristic coefficient D = γl
2
of spatial diffusion in the potential V (r),
Dǫ = (e
2/2) 〈E2fl〉D ∼ γ(h¯/te)2. (12)
Energy diffusion eliminates electron localization which
caused vanishing of the single-electron static conductiv-
ity. The low-frequency boundary ωl of the range of ap-
plicability of the single-electron approximation can be
estimated from the condition that the diffusion over the
energy layer of width ∼ δεl = (ωl/γ)µ [which forms the
single-electron conductivity (9) at frequency ωl ≪ γ] oc-
curred over the time 1/ωl. For µ = 1/(2ν), this gives
ωℓ/γ = Cl (γte)
−2ν/(ν+1), Cl ∼ 1. (13)
All states with energies |ε| <∼ δǫl contribute to the con-
ductivity for frequencies ω < ωl. Therefore the many-
electron conductivity may only weakly depend on ω for
ω < ωl, as shown in Fig. 1, and the static conductivity
σxx(0) ≈ σxx(ωl) ∼ (ne2γl2/kBT )(γte)−1/(ν+1). (14)
We note that there is a similarity between the EEI-
induced energy diffusion, which we could quantitatively
characterize for a correlated nondegenerate system, and
the EEI-induced phase breaking in QHE [20,21]. The
cutoff frequency ωℓ can be loosely associated with the
reciprocal phase breaking time.
The EEI also changes the high-frequency tail of σxx(ω)
in the range ω ≪ ωc. In the many-electron system, the
tail is formed by processes in which a guiding center of
the electron cyclotron orbit shifts in the field Efl (by δR).
The energy h¯ω goes into the change of the potential en-
ergy of the electron system eEflδR, whereas the recoil
momentum h¯δR/l2 goes to defects. For large ω, it is nec-
essary to find optimal δR and Efl. For weak coupling to
defects, γte ≪ 1, the correlator (1) can be evaluated to
the lowest order in γ, which gives
σ˜(ω) = γωt2e exp
[
−(2/π)1/2ωte
]
. (15)
The exponential tail (15) is determined by the charac-
teristic many-electron time (11), and the exponent is
just linear in ω. For larger ω, the decay of σ˜ slows
down to | ln σ˜(ω)| ∝ (ωte)2/3/[ln(ω/γ)]1/3, provided
n1/2δfl(ωte)
1/3 ≪ 1 [10]. This asymptotics results from
anomalous tunneling [22] due to multiple scattering by
defects. It also applies for strong coupling to defects,
γte ≫ 1, and replaces the much steeper single-electron
Gaussian asymptotics (8).
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We note that the overall frequency dependence of
σxx(ω) is qualitatively different for strong and weak cou-
pling to scatterers. In the latter case, σxx is maximal for
ω = 0 and decreases monotonously with the increasing
ω, in contrast to the behavior of σxx(ω) in the strong-
coupling case shown in Fig. 1. Both γ and te increase
with the magnetic field, and by varying magnetic field,
electron density, and temperature one can explore the
crossover between the limits of strong and weak coupling.
It is interesting that both the static and the high-
frequency conductivities are many-electron even for
γte ≫ 1, where the coupling to defects is strong. It
follows from Eq. (14) (see also Fig. 1) that the many-
electron σxx(0) is of the order of the single-electron SCBA
conductivity σSCBAxx (0) = (4/3π)ne
2γl2 [3] for not ex-
tremely large γte. This is a consequence of the very steep
frequency dependence of the full single-electron conduc-
tivity (9) for ω → 0.
It follows from the above arguments that the random
potential of defects does not eliminate self-diffusion in
2DES for Γ < 130, where the electrons form a nondegen-
erate liquid. For electrons on bulk helium, the results on
the static conductivity apply also for Γ > 130, where elec-
trons form a Wigner crystal. In this case the random field
comes from thermally excited ripplons or (for T >∼ 1 K)
from helium vapor atoms [1]. Ripplons, although they
are extremely slow, do not pin the Wigner crystal [23]
(we note that, for scattering by ripplons, γ ∝ T 1/2).
Random potential of vapor atoms is time-dependent (and
also non-pinning). Vapor atoms stay within the electron
layer only for a time tv = aB/vT , where aB is the layer
thickness and vT is the thermal velocity of the atoms.
For strong magnetic fields one can have γtv ≫ 1, and
then if γte ≫ 1, coupling to the vapor atoms is strong,
as observed in Refs. [2,3]. The presented strong-coupling
theory describes the conductivity for arbitrary te/tv pro-
vided the low-frequency cutoff of the single-electron the-
ory ωℓ (13) is replaced by min(t
−1
v , ωℓ).
In conclusion, we have analyzed the magnetoconduc-
tivity of a nondegenerate 2D electron liquid in quantizing
magnetic field. This is a simple and well-studied experi-
mentally strongly correlated system, where effects of the
electron-electron interaction on transport can be charac-
terized qualitatively and quantitatively. It follows from
our results that, whereas for weak coupling to short-
range scatterers the conductivity σxx(ω) monotonically
decays with increasing ω (ω ≪ ωc), for strong coupling
it becomes nonmonotonic. Even for strong coupling, the
static conductivity is determined by many-electron ef-
fects, through energy diffusion. It is described in terms
of the critical exponents known from the scaling theory
of the QHE. The frequency dispersion of σxx disappears
for ω <∼ ωℓ ∝ T ν/(ν+1), for temperature-independent dis-
order. In a certain range of magnetic fields and electron
densities, the value of σxx(0) (14) is reasonably close nu-
merically to the result of the self-consistent Born approx-
imation, which provides an insight into numerous exper-
imental observations for electrons on helium surface.
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